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Abstract

Moderate deviation principles for stochastic differential equations driven by a Poisson
random measure (PRM) in finite and infinite dimensions are obtained. Proofs are based on
a variational representation for expected values of positive functionals of a PRM.
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1 Introduction

Large deviation principles for small noise diffusion equations have been extensively studied in
the literature. Since the original work of Freidlin and Wentzell [63, 29], model assumptions have
been significantly relaxed and many extensions have been studied in both finite-dimensional
and infinite-dimensional settings. In [9, 11] a general approach for studying large deviation
problems in such settings has been introduced that is based on a variational representation for
expectations of positive functionals of an infinite dimensional Brownian motion. This approach
has now been adopted for the study of large deviation problems for a broad range of stochastic
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partial differential equation based models, particularly those arising in stochastic fluid dynamics,
and also for settings where the coefficients in the model have little regularity. We refer the reader
to [12] for a partial list of references. Large deviation problems for finite dimensional diffusions
with jumps have been studied by several authors (see for example [53, 27]). In contrast, it is only
recently that the analogous problems for infinite dimensional stochastic differential equations
(SDE) have received attention [60, 62]. In [12] a variational representation for expected values
of positive functionals of a general Poisson random measure (or more generally, functions that
depend both on a Poisson random measure and an infinite dimensional Brownian motion) was
derived. As in the Brownian motion case, the representation is motivated in part by applications
to large deviation problems, and [12] illustrates how the representation can be applied in a simple
finite dimensional setting. In [10] the representation was used to study large deviation properties
of a family of infinite dimensional SDE driven by a Poisson random measure (PRM).

The goal of the current work is to study moderate deviation problems for stochastic dynam-
ical systems. In such a study one is concerned with probabilities of deviations of a smaller order
than in large deviation theory. Consider for example an independent and identically distributed
(iid) sequence {Y;};>1 of R%valued zero mean random variables with common probability law
p- A large deviation principle (LDP) for S, = > | Y; will formally say that for ¢ > 0

P([Sn| > ne) ~ exp{—ninf{I(y) : [y| = c}},

where for y € R, I(y) = supyega{{c, y) —1og [paexp{a, y)p(dy)}. Now let {a,} be a positive
sequence such that a, 7 oo and n=2a, — 0 as n — oo (e.g. a, = n'/*). Then a moderate

deviation principle (MDP) for S,, will say that
P(|Sn| > n'?anc) = exp{—aj, mt{I°(y) : [y| > c}},

where I0(y) = %<y,2_1y> and ¥ = Cov(Y). Thus the moderate deviation principle gives
estimates on probabilities of deviations of order n!/2a,, which is of lower order than n and with
a rate function that is a quadratic form. Moderate deviation principles have been extensively
studied in Mathematical Statistics. Early research considered the setting of iid sequences and
arrays (see [57, 56, 1, 2, 3, 61, 59, 30]). Empirical processes in general topological spaces have
been studied in [7, 8, 22, 13, 50, 17, 4]. The setting of weakly dependent sequences was covered in
[35, 36, 14, 37, 6, 33, 20, 38, 24, 39, 21|, and MDPs for occupation measures of Markov chains and

general additive functionals of Markov chains were considered in [32, 64, 18, 19, 15, 40, 16, 31].

Moderate deviation principles for continuous time stochastic dynamical systems are less well
studied. The paper [51] considers a finite-dimensional two scale diffusion model under stochastic
averaging. Additional results involving moderate deviations and the averaging principle were
obtained in [42, 41, 52]. The paper [44] considered a certain diffusion process with Brownian
potentials and derived moderate deviation estimates for its longtime behavior. Moderate de-
viation results in the context of statistical inference for finite dimensional diffusions have been
considered in [25, 45, 34]. None of the above results consider stochastic dynamical systems with
jumps or infinite dimensional models.
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In this paper we study moderate deviation principles for finite and infinite dimensional SDE
with jumps. For simplicity we consider only settings where the noise is given in terms of a
PRM and there is no Brownian component. However, as noted in Remark 2.9, the more general
case where both Poisson and Brownian noises are present can be treated similarly. In finite
dimensions, the basic stochastic dynamical system we study takes the form

XE(t) = zo + /O b(X5(s))ds + /X o eG(X5(5-),y)N " (dy, ds).

Here b: RY — RY and G : RY x X — R? are suitable coefficients and N ' is a Poisson random
measure on X7 = X x [0, 7] with intensity measure e vy = e~ lv ® A, where X is a locally
compact Polish space, v is a locally finite measure on X, Ay is the Lebesgue measure on [0, 7]
and ¢ > 0 is the scaling parameter. Under conditions X¢ will converge in probability (in a
suitable path space) to X given as the solution of the ODE

XO(t) = b(X°(1)) +/XG(X°(t),y)V(dy), X%(0) = zo.

The moderate deviations problem for {X¢}.-o corresponds to studying asymptotics of
(¢/a*(e)) log P(Y* € -),

where Y¢ = (X¢ — X%)/a(e) and a(e) — 0, ¢/a?(¢) — 0 as ¢ — 0. In this paper we establish
a moderate deviations principle under suitable conditions on b and GG. We in fact give a rather
general sufficient condition for a moderate deviation principle to hold for systems driven by
Poisson random measures (see Theorem 2.3). This sufficient condition covers many finite and
infinite dimensional models of interest. A typical infinite dimensional model corresponds to the

SPDE
dX®(u,t) = (LX®(u,t) + B(X*(u,t)))dt + E/XG(XE(u,t—),u,y)Ng1(ds,dy) (1.1)
X¢(u,0) = z(u), weOcCR

where L is a suitable differential operator, O is a bounded domain in R? and the equation is
considered with a suitable boundary condition on 00O. Here N ="' is a PRM as above. The
solution of such a SPDE has to be interpreted carefully, since typically solutions for which
LX¢(u,t) can be defined classically do not exist. We follow the framework of [48], where the
solution space is described as the space of RCLL trajectories with values in the dual of a suitable
nuclear space (see Section 2.4 for precise definitions). Roughly speaking, a nuclear space is given
as an intersection of a countable collection of Hilbert spaces, where the different spaces may be
viewed as “function spaces” with varying degree of regularity. Since the action of the differential
operator L on a function will typically produce a function with lesser regularity, this framework of
nested Hilbert spaces enables one to efficiently investigate existence and uniqueness of solutions
of SPDE of the form (1.1). Another common approach for studying equations of the form (1.1)
is through a mild solution formulation [58]. Although not investigated here we expect that
analogous results can be established using such a formulation.
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Large and moderate deviation approximations can provide qualitative and quantitative in-
formation regarding complex stochastic models such as (1.1). For example, an equation studied
in some detail at the end of this paper models the concentration of pollutants in a waterway.
Depending on the event of interest either the large and moderate deviation approximation could
be appropriate, in which case one could use the rate function to identify the most likely interac-
tions between the pollution source and the dynamics of the waterway that lead to a particular
outcome, such as exceeding an allowed concentration. However, the rate function only gives an
asymptotic approximation for probabilities of such outcomes and the resulting error due to the
use of this approximation cannot be eliminated.

An alternative is to use numerical schemes such as Monte Carlo, which have the property
that if a large enough number of good quality samples can be generated, then an arbitrary level
of accuracy can be achieved. While this may be true in principle, it is in practice difficult when
considering events of small probability, since many samples are required for errors that are small
relative to the quantity being computed. The issue is especially relevant for a problem modeled
by an equation as complex as (1.1), since the generation of even a single sample could be relatively
expensive. Hence an interesting potential use of the results of the present paper are to importance
sampling and related accelerated Monte Carlo methods [5, 54]. If in fact the moderate deviation
approximation is relevant, the relatively simple form of the corresponding rate function suggests
that many of the constructions needed to implement an effective importance sampling scheme
[23] would be simpler than in the corresponding large deviation context.

We now make some comments on the technique of proof. As in [10], the starting point is
the variational representation for expectations of positive functionals of a PRM from [12]. The
usefulness of variational representation in proving large deviation or moderate deviation type
results lies in the fact that it allows one to bypass the traditional route of approximating the
original sequence of solutions by discretizations; the latter approach is particularly cumbersome
for SPDEs and more so for SPDEs driven by Poisson random measure. Moreover the variational
representation approach does not require proving exponential tightness and other exponential
probability estimates that are frequently some of the most technical parts of a traditional large
deviations argument. A key step in our approach is to prove the tightness for controlled versions
of the state processes given that the costs for controls are suitably bounded. For example, to
prove a moderate deviation principle for SPDEs of the form (1.1), the tightness of the sequence
of controlled processes Y¥° needs to be established, where

Vet = (X5 — X0) (1.2)

1
a(e)

X (0, 1) = (L () + X 0) de [ eGE (u,-),) N7 (a dy)
X
and the controls ¢° : X x [0,T] — [0, 00) are predictable processes satisfying Ly (o) < Ma?(e)
for some constant M. Here Ly denotes the large deviation rate function associated with Poisson
random measures (see (2.3)) and N¢ ¢ is a controlled Poisson random measure, namely a
counting process with intensity ¢~ 1¢®(x, s)vr(dx,ds) (see (2.1) for a precise definition). In
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comparison (cf. [10]), to prove a large deviation principle for X¢, the key step is proving the
tightness of the controlled processes X" with the controls ¢ satisfying Ly(¢°) < M for
some constant M. The proof of this tightness property relies on the fact that the estimate
Lp(¢f) < M implies tightness of ¢° in a suitable space. Although in the moderate deviations
problem one has the stronger bound L (¢®) < Ma?(e) on the cost of controls, the mere tightness
of ©° does not imply the tightness of Y¥°. Instead one needs to study tightness properties of
Y = (¢° —1)/a(e). In general ¥° may not be in L?(v7) and one of the challenges is to identify
a space where suitable tightness properties of the centered and normalized controls {¢°} can be
established. The key idea is to split 1 into two terms, one of which lies in a closed ball in L?(v7)
(independent of ¢) and the other approaches 0 in a suitable manner. Estimates on each of the
two terms (see Lemma 3.2) are key ingredients in the proof and are used many times in this
work, in particular to obtain uniform in € moment estimates on centered and scaled processes
of the form (1.2).

The rest of the paper is organized as follows. Section 2.1 contains some background on
PRMs and the variational representation from [12]. In Section 2.2 we present a general moderate
deviation principle for measurable functionals of a PRM. Although this result concerns a large
deviations principle with a certain speed, we refer to it as a MDP since its typical application
is to the proof of moderate deviation type results. This general result covers many stochastic
dynamical system models in finite and infinite dimensions. Indeed, by using the general theorem
from Section 2.2, a moderate deviation principle for finite dimensional SDE driven by PRM
is established in Section 2.3 and an infinite-dimensional model is considered in Section 2.4.
Sections 3 to 5 are devoted to proofs. The result for the infinite dimensional setting requires
many assumptions on the model. In Section 6 we show that these assumptions are satisfied for
an SPDE that has been proposed as a model for the spread of a pollutant with Poissonian point
sources in a waterway.

Notation:

The following notation is used. For a topological space £, denote the corresponding Borel
o-field by B(E). We use the symbol “=" to denote convergence in distribution. For a Polish
space X, denote by C([0,7] : X) and D([0,7] : X) the space of continuous functions and
right continuous functions with left limits from [0,7] to X, endowed with the uniform and
Skorokhod topology, respectively. For a metric space £, denote by M;(€) and Cy(E) the space
of real bounded B(€)/B(R)-measurable functions and real bounded and continuous functions
respectively. For Banach spaces By, By, L(Bi, B2) will denote the space of bounded linear
operators from Bj to Bs. For a measure v on £ and a Hilbert space H, let L?(€,v, H) denote
the space of measurable functions f from € to H such that [, [|f(v)|?v(dv) < oo, where | - || is
the norm on H. When H = R and & is clear from the context we write L2(v).

For a function z : [0,7] — &, we use the notation z; and z(t) interchangeably for the
evaluation of = at ¢ € [0,7]. A similar convention will be followed for stochastic processes. We
say a collection {X¢} of £-valued random variables is tight if the distributions of X¢ are tight
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in P(€) (the space of probability measures on ).

A function I : £ — [0,00] is called a rate function on & if for each M < oo, the level set
{re&:I(x) < M} is a compact subset of £.

Given a collection {b(e)}.>o of positive reals, a collection {X¢}.5¢ of £-valued random vari-
ables is said to satisfy the Laplace principle upper bound (respectively, lower bound) on & with
speed b(e) and rate function I if for all h € Cy(E)

1
lilgljélp b(e)logE {exp {—b(g)h(Xa)} } < —glcrelg{h(:v) + I(z)},
and, respectively,

1
b(e)

The Laplace principle is said to hold for {X¢} with speed b(e) and rate function I if both the
Laplace upper and lower bounds hold. It is well known that when £ is a Polish space, the family
{X*¢} satisfies the Laplace principle upper (respectively lower) bound with a rate function I on
€ if and only if { X} satisfies the large deviation upper (respectively lower) bound for all closed
sets (respectively open sets) with the rate function I. For a proof of this statement we refer to
Section 1.2 of [27].

lim inf b(e) log B {exp [— h(XE)” > — inf {h(z) + I(2)}.

2 Preliminaries and Main Results

2.1 Poisson Random Measure and a Variational Representation

Let X be a locally compact Polish space and let Mpc(X) be the space of all measures v on
(X, B(X)) such that v(K) < oo for every compact K C X. Endow Mpc(X) with the usual
vague topology. This topology can be metrized such that Mpc(X) is a Polish space [12]. Fix
T € (0,00) and let Xy = X x [0,7]. Fix a measure v € Mpc(X), and let vy = v ® Ay, where
Ar is Lebesgue measure on [0, 7.

A Poisson random measure n on Xy with mean measure (or intensity measure) vp is a
Mpeo(Xr)-valued random variable such that for each B € B(Xp) with vp(B) < oo, n(B) is
Poisson distributed with mean v (B) and for disjoint By, ..., By € B(Xr), n(Bi),...,n(By) are
mutually independent random variables (cf. [46]). Denote by PP the measure induced by n on
(Mpc(Xr), B(Mpc(Xr))). Then letting M = Mpc(Xr), P is the unique probability measure
on (M, B(M)) under which the canonical map, N : M — M, N(m) = m, is a Poisson random
measure with intensity measure vp. Also, for 8 > 0, Py will denote a probability measure on
(M, B(M)) under which N is a Poisson random measure with intensity fvr . The corresponding
expectation operators will be denoted by E and Eg, respectively.
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Let F' € M,(M). We now present a variational representation from [12] for — log Eg(exp[—F(N))),

in terms of a Poisson random measure constructed on a larger space. Let Y = X x [0, 00) and
Y7 =Y x[0,T]. Let M = Mpc(Yr) and let P be the unique probability measure on (M, B(M))
under which the canonical map, N : M — M, N(m) = m, is a Poisson random measure with
intensity measure vy = v ® Aoo ® A7, where Ay is Lebesgue measure on [0, 00). The correspond-
ing expectation operator will be denoted by E. Let 5 = o{N((0,s] x A): 0 < s <t, A€ B(Y)}
be the o-algebra generated by N, and let F; denote the completion under P. We denote by P
the predictable o-field on [0, T] x M with the filtration {F; : 0 <t < T} on (M, B(M)). Let A,
[resp. A] be the class of all (B(X)®P)/B[0,0) [resp. (B(X)® P)/B(R)]-measurable maps from

X7 x M to [0,00) [resp. R]. For ¢ € A, define a counting process N¥ on X by

NP((0,4] x U) = / Lo (NN (dzdrds), te[0,T).U € BX). (1)
U x[0,00) % [0,¢]

We think of N¥ as a controlled random measure, with ¢ selecting the intensity for the points at
location z and time s, in a possibly random but non-anticipating way. When ¢(z,s,m) =6 €
(0,00), we write N¥ = N9 Note that N? has the same distribution with respect to P as N has
with respect to Py.

Define ¢ : [0,00) — [0, 00) by

Ur)=rlogr—r+1, re€l0,00). (2.2)

For any ¢ € Ay and t € [0, 7] the quantity

Lu(p) = / (@, 5, 0))wr(da ds) (2.3)
Xx[0,t]

is well defined as a [0, co]-valued random variable. Let {K,, C X;n =1,2,...} be an increasing
sequence of compact sets such that Up2 ; K, = X. For each n let

Apn = {p €Ay forall (t,w) €[0,T] x M, n> ¢(z,t,w) >1/n
if v € K, and p(z,t,w) =1ifx € K}

and let A, = U | Ay ..

The following is a representation formula proved in [12]. For the second equality in the

theorem see the proof of Theorem 2.4 in [10].

Theorem 2.1 Let F € My(M). Then for 6 >0

—logBy(e F™M) = —logB(e ™)) = inf E [HLT(Lp) + F(Ne‘p)}
pEAL

— @iélfib E {HLT(@ - F(N"‘P)] .
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2.2 A General Moderate Deviation Result

For ¢ > 0, let G° be a measurable map from M to U, where U is some Polish space. Let
a:Ry — Ry be such that as e — 0

a(e) — 0 and b(e) = — 0. (2.4)

a?(e)

In this section we will formulate a general sufficient condition for the collection G*(e N 571) to
satisfy a large deviation principle with speed b(¢) and a rate function that is given through a
suitable quadratic form.

For € > 0 and M < oo, consider the spaces

St = {p: X% [0,T] = Ry| Lr(p) < Ma®(¢)} (2.5)
SM={y:Xx[0,T] =Rl ¢ = (v~ 1)/ale),p € SIL}.

We also let

U, ={pe Ay ¢(,-w) € SY,, P-as.} (2.6)
MEM = {qb cA:p(-,w) € StM, P—a.s.} )

The norm in the Hilbert space L?(v7) will be denoted by || - ||2 and Ba(r) denotes the ball
of radius r in L?(v7). Given a map G : L?(v7) — U and n € U, let

Sy = 8ylGo) = {¢ € L*(vr) : 1 = Go(¥)}
and define I by

PES,)

1) = ot [3v18]- (2.7

Here we follow the convention that the infimum over an empty set is +o0.

We now introduce a sufficient condition that ensures that I is a rate function and the col-
lection Y© = G°(sN° ") satisfies a LDP with speed b(¢) and rate function I. A set {°} Cc A
with the property that sup,~g [|¢)°]2 < M a.s. for some M < oo will be regarded as a collection
of By(M)-valued random variables, where Bo(M) is equipped with the weak topology on the
Hilbert space L?(vr). Since Ba(M) is weakly compact, such a collection of random variables
is automatically tight. Throughout this paper Ba(M) will be regarded as the compact metric
space obtained by equipping it with the weak topology on L?(vr).

Suppose ¢ € Sﬂg, which we recall implies L7 (¢) < Ma(e)?. Then as shown in Lemma
3.2 below, there exists k2(1) € (0,00) that is independent of € and such that ¥1{jy<1/4()} €

By((Mns(1))1/2), where % = (¢ — 1)/a().
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Condition 2.2 For some measurable map Go : L*(vy) — U, the following two conditions hold.

(a) Given M € (0,00), suppose that g°,g € Ba(M) and g — g. Then
Go(g°) — Golg)-

(b) Given M € (0,00), let {¢°}es0 be such that for every e > 0, ¢° € Z/I_{\_/’[e and for some
B € (0,1], ¥ 1qye1</ate)y = ¢ in Bo((Mka(1))Y2) where ° = (¢° — 1) /a(e). Then

G (=N ¥7) = Go(¥).

Theorem 2.3 Suppose that the functions G¢ and Go satisfy Condition 2.2. Then I defined by
(2.7) is a rate function and {Y< = G(eN¢ ')} satisfies a large deviation principle with speed
b(e) and rate function I.

In the next two sections we will present two applications. The first is to a general family of
finite dimensional SDE driven by Poisson noise and the second is to certain SPDE models with
Poisson noise.

2.3 Finite Dimensional SDEs

In this section we study SDEs of the form

XE(t) = @0 + /O b(X%(s))ds + /X o eG(X=(s—),y)N® " (dy, ds), (2.8)

where the coefficients b and G satisfy the following condition.
Condition 2.4 The functions b: R? — R? and G : R¢ x X — R? are measurable and satisfy

(a) for some Ly € (0,00)
b(z) — b(a')| < Lylz — 2|, =,2" € RY,

(b) for some Lg € L'(v) N L?(v)

|G(CL‘,y) - G(ﬂ?/,y)‘ < LG(y)‘x - J"/|’ CL‘,SC/ € Rd? RS Xa
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(¢) for some Mg € L'(v) N L?(v)

|G, y)| < M (y)(1+z]), z € RY, y e X.
The following result follows by standard arguments (see Theorem IV.9.1 of [46]).
Theorem 2.5 Fiz o € R%, and assume Condition 2.4. The following conclusions hold.

(a) For each € > 0 there is a measurable map G5 : M — D([0,T] : RY) such that for any
probability space (Q,]}, 15) on which is given a Poisson random measure ng. on Xp with
intensity measure e ‘vp, X = G(en.) is a Fr = o{n.(B x [0,5]),s < t,B € B(X)}
adapted process that is the unique solution of the stochastic integral equation

Xe(t) = 20 + /0 b(X=(s))ds + /X o eG(Xe(s—),y)ne(dy,ds), t € [0,T). (2.9

In particular X¢ = G=(eN¢ ') is the unique solution of (2.8).

(b) There is a unique X° in C([0,T] : R?) that solves the equation

XO(t) =z +/

0

b(XO(s))ds + /X g GO wdn)as, € [0,7), (2.10)

We now state a LDP for {Y*¢}, where

€:L e __ yO
Ye = a(g)(X X0, (2.11)

and a(e) is as in (2.4). For this we will need the following additional condition on the coefficients.
Let

mp = sup |X°(t)|. (2.12)
0<t<T

For a differentiable function f : R? — R? let Df(z) = (0fi(x)/0x)), ;, x € RY, and let |Df]op
denote the operator norm of the matrix D f. We define a class of functions by

H= {h :X—=R:3§>0, s.t. VI' with v(I") < oo, / exp(dh2(y))v(dy) < oo} . (2.13)
r

Condition 2.6  (a) The functions Lg and Mg are in the class 'H.

10
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(b) For every y € X, the maps © — b(x) and x — G(z,y) are differentiable. For some
LDb € (07 OO)
|Db(z) — Db(2')|op < Lpplz — 2|, z, 2" € R?

and for some Lpg € L'(v)
|D$G(xay) - DIG(:E,ay”Op < LDG(Z/)|$ - SL',|, .CL',LE/ € Rd? Y€ X.

With mp < oo as in (2.12)

sup / | DG (z,y)|opr(dy) < 0.
X

{w€R:|z|<mr}

We note that all locally bounded and measurable real functions on X are in H.

The following result gives a Moderate Deviations Principle for finite dimensional SDE.

Theorem 2.7 Suppose that Conditions 2.4 and 2.6 hold. Then {Y<} satisfies a large deviation
principle in D([0,T] : RY) with speed b(e) and the rate function given by

_ ' 1
i) = int {51012}
where the infimum is taken over all 1 € L*(vr) such that

n(t) —/0 [Db(XO(S))]n(S)dSJr/X [DG(X (s), y)]n(s)v(dy)ds

x[0,t]

v / ¥y, $)G(XO(s), y)v(dy)ds, te[0,7). (2.14)
Xx10,t]

Note that (2.14) has a unique solution n € C([0,T] : R%). In particular, I(n) = oo for all
n € D([0,T] : R\ C([0,T] : RY).

The following theorem gives an alternative expression for the rate function. From Condition
2.4(c) it follows that y — G;(X%(s),y) is in L?(v) for all s € [0,7] and i = 1,...,d, where
G = (G1,...,Gg)'. Fori=1,...,d, let ¢; : X x [0,7] — R be measurable functions such that
for each s € [0,7], {e;i(+,s)}&, is an orthonormal collection in L?(r) and the linear span of the
collection is same as that of {G;(X%(s),-)}%,. Define A : [0,7] — R such that, for each
s € 10,7,

Aij(s) = <Gi(X0(3)a ')v ej(sa ')>L2(y)7 i,j=1,...,d.

For n € D([0,T] : RY) let
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where the infimum is taken over all v € L2([0,7] : R%) such that

n(t) —/0 [Db(XO(s)) + G1(X(s))]n(s)ds —|—/0 A(s)u(s)ds, t € [0,T] (2.15)

and G1(z) = [x DoG(x,y)v(dy).
Theorem 2.8 Under the conditions of Theorem 2.7, I = 1.

Remark 2.9 (1) Theorem 2.8 in particular says that the rate function for {Y¢} is the same
as that associated with the large deviation principle with speed e for the Gaussian process

dZ°(t) = Ay (t)Z8(t)dt + e A(t)dW (t), Z5(0) = xo,
where W is a standard d-dimensional Brownian motion and A1(t) = Db(X°(t))+G1(X°(¢)).

(2) One can similarly establish moderate deviations results for systems that have both Poisson
and Brownian noise. In particular the following result holds. Suppose o : R* — R¥¥4 js q
Lipschitz continuous function and X¢ solves the integral equation

Xe(t) = mo + /0 b(X%(s))ds + Ve o(X%(s))dW (s) + / eG(XE(s—),y)dN< .

[0,¢] Xx10,t]

Then under Conditions 2.4 and 2.6, {Y*°} defined as in (2.11) satisfies a large deviation
principle in D([0,T] : R?) with speed b(e) and the rate function given by

[(n) — inf - 2 2
Itn) =i 5 {||w||2+ [ o) ds},

0,

where the infimum is taken over all (¥, u) € L?(vr) x L2([0,T] : R?) such that

n(t) = /0 [DB(X°(s))]n(s)ds + /O o (XO(s))u(s)ds
" / DG (X(5), y)]n(s)v(dy)ds + / (y, $)G(X(s), y)w(dy)ds.
Xx[0,t] Xx[0,t]

Also, the rate function can be simplified as in Theorem 2.8.

2.4 Infinite Dimensional SDE

The equation considered here has been studied in [48] where general sufficient conditions for
strong existence and pathwise uniqueness of solutions are identified. The solutions in general
will be distribution valued and a precise formulation of the solution space is given in terms

12



16

January 15, 2014

of Countable Hilbertian Nuclear Spaces (cf. [48]). Recall that a separable Fréchet space ® is
called a countable Hilbertian nuclear space (CHNS) if its topology is given by an increasing
sequence || - ||n, n € Np, of compatible Hilbertian norms, and if for each n € Ny there exists
m > n such that the canonical injection from ®,,, into ®,, is Hilbert-Schmidt. Here ®;, for each
k € Np, is the completion of ® with respect to || - ||%.

Identify ®{ with ®( using Riesz’s representation theorem and denote the space of bounded
linear functionals on ®,, by ®_,,. This space has a natural inner product [and norm| which we
denote by (-,-)_y, [resp. |- ||=n], n € No, such that {®_,, },en, is a sequence of increasing Hilbert
spaces and the topological dual of ®, denoted as ®" equals U2 ®_,, (see Theorem 1.3.1 of [48]).
Solutions of the SPDE considered in this section will have sample paths in D([0,7] : ®_,,) for
some finite value of n.

We will assume that there is a sequence {@;}jen C ® such that {¢,} is a complete ortho-
normal system (CONS) in ®¢ and is a complete orthogonal system (COS) in each ®,,n € Z.
Then {¢7} = {¢;]|¢;]I;,'} is a CONS in ®,, for each n € Z. It is easily seen that, for each r > 0,
ne€ d_, and ¢ € ¥, n[é] can be expressed as

né] = Z<n, ;) (D, b)) (2.16)

Jj=1

We refer the reader to Example 1.3.2 of [48] for a canonical example of such a countable
Hilbertian nuclear space (CHNS) defined using a closed densely defined self-adjoint operator
on ®y. A similar example is considered in Section 6. The SPDE we consider takes the form

XE(t) :xo—l—/o b<X€(S))dS+/§gx[0 ) eG(X5(s—),y) N (ds, dy) (2.17)

where the coefficients b and G satisfy Condition 2.11 below (cf. Chapter 6, [43]). A precise
definition of a solution to (2.17) is as follows.

Definition 2.10 Let (Q,]}, ]5) be a probability space on which is given a Poisson random mea-
sure n. on Xp with intensity measure € 'vp. Fiz r € Ny and suppose that o € ®_,.. A
stochastic process {Xf}te[o,T] defined on ) is said to be a ®_,.-valued strong solution to the SDE

(2.17) with N replaced with n. and initial value xg, if the following hold.

(a) X§ is a ®_,-valued Fi-measurable random variable for all t € [0,T), where F; = o{n.(B x
[0,s]),s <t,B e B(X)}.

(b) X¢ e D([0,T]: ®_,) a.s.
(¢) The map (s,w) — b(X(w)) is measurable from [0,T] x Q to ®_, and the map (s,w,y) —
G(s, X (w),y) is (P x B(X))/B(®_,) measurable, where P is the predictable o-field cor-

13
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responding to the filtration {F;}. Furthermore,

T
E/ /||G(s,X§,U)H2_,,1/(dv)ds<oo
0 X

and

T
E/ Ib(X2)|12.ds < .
0
(d) For allt € [0,T], almost all w € Q, and all ¢ € ®

X7[] = wold] + /0 b(XE) gds + ¢ /X G(s, X2_,y)[élne(dy, ds). (2.18)

x[0,¢]

We now present a condition from [48] that ensures unique solvability of (2.17). Let 6, :
®_, — @, be the isometry such that for all j € N, 0,(¢;”) = ¢¥. It is easy to check that for all
peN, 0,(®) C ® (see Remark 6.1.1 of [48]).

Condition 2.11 For some p,q € N with g > p for which the embedding of ®_, to ®_, is Hilbert
-Schmidt, the following hold.

(a) (Continuity) b : ® — @' is such that it is a continuous function from ®_, to ®_,. G
is @ map from ® x X to ® such that for each u € ®_,, G(u,-) € L*(X,v,®_,) and the
mapping ®_, > u— G(u,-) € L*(X,v,®_,) is continuous.

(b) There exist My, € (0,00) and Mg € L*(v) N L%(v) such that
[6(u)ll—g < Mp(1 +[lull—p), [G(wy)ll-p < Ma(y)(1 + [lull-p), we P pyeX
(c) For some Cy € (0,00) and all ¢ €
26(6)[0,9] < Co(1+ [18]12,).
(d) For some Ly € (0,00)
(u—',b(u) — b(u’)>iq < Lyllu — u/||2_q7 u,u’ € D,
(e) For some Lg € L*(v) N L%(v)
IG(u,y) = G, ) —g < La@)lu— | —g, w,u' € 2y, y €X.

The following unique solvability result follows from [48]. For part (b) see Theorem 3.7 in
[10].

14
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Theorem 2.12 Fiz xg € ®_,, and assume Condition 2.11. The following conclusions hold.

(a) For each € > 0, there is a measurable map G : Ml — D([0,T] : ®_,) such that for any
probability space (Q, F, ]5) and a Poisson random measure n. as in Definition 2.10, X =
G¢(en.) is the unique ®_,-valued strong solution of (2.17) with N replaced with n..
Furthermore, for every t € [0,T], X; € ®_, and ESUpogth HXﬂ]Z_p < 00, In particular

X¢ = G=(eN¢ ") satisfies, for every ¢ € ®,
t
Xilol = Xolol + [ WXD@ds = [ GO pEINT s (219)
0 [0,¢]xX
(b) The integral equation
t
XO(t) =z +/ b(XO(s))ds +/ G(X%(s),y)v(dy)ds. (2.20)
0 Ex[0,t)

has a unique ®_,4-valued continuous solution. That is, there is a unique X% e (0,17, d_,)

such that for all t € [0,T] and all ¢ € @
t
X006 = Xolol + [ WXDolds+ [ G pldvldnds. (221)
0 [0,t]xX

Furthermore X € ®_,, for all t € [0,T] and

mr = sup || XP|_p < oo. (2.22)
0<t<T

As before, we are interested in a LDP for {Y*¢}, where

Vo= —(X°-X°
and a(e) is as in (2.4). For that we will need some additional conditions on the coefficients. Recall
the definition of Fréchet derivative of a real valued function on a Hilbert space (see Chapter I1.5
of [26]), which characterizes the derivative as a bounded linear functional on the Hilbert space.
For the remainder of this section we considered a fixed p and ¢ that satisfy Condition 2.11.

Condition 2.13 There exists a positive integer q1 > q such that the canonical mapping of ®_,
to ®_g, is Hilbert-Schmidt, and the following hold.

(a) For every ¢ € ®, the Fréchet derivative of the map ®_, > v — b(v)[¢] from ®_, to R ezists
and is denoted by D(b(-)[¢]). For each ¢ € ®, there exists Lpy(¢) € (0,00) such that

IDb(w)[8]) = Db [BD)llop < Lop(d)llu — v/l g, u,u' € Py,

Here || - ||op is the operator norm in L(®_4, R).

15
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(b) Recall that ¢ = ¢y dpll,, - Then for everyn e ®_,

o0

D (b q1 2 = M '
{UE‘I)p:Tiljﬁ)p<mT}; } ( (U) [¢k ]) [77]‘ 2(77) < 0
This means that A,(n) : ® — R defined by A,(n)[¢] = D (b(v)[¢]) [n] extends to a bounded

linear map from @4, toR (i.e. an element of ®_g, ). For allv € ®_, such that ||v||—, < mr,
n — Ay(n) is a continuous map from ®_, to ®_, and there exist Ma,La,Ca € (0,00)

such that
sup [Av(M|—gy < Ma(1+ [Inll—g), for alln e P_,. (2.23)
{ve®_p:llv]|—p<mr}
sup (n—n's Au(n) — Au())—qu < Lalln —1'|%,,, for alln,n' € ®_,. (2.24)
{Ue‘bfp:”")”fpng}
sup 244(9 + Q0049] < CalllCll—p + 1A= NPl —gs for all p € @, € P_p,

{ve®_p:|[v]| _p<mr}

(2.25)
where 0, was defined just before Condition 2.11.

c) For every ¢ € ®,,,y € X, the Fréchet derivative of G(-,y)[¢] : P_,, — R, denoted as
@ @

D, (G(-,y)[¢]), exists. The map ®_, > u — Dz(G(u,y)[¢]) € L(P_,4,R) is Lipschitz
continuous: for each ¢ € @y, there exists Lpa(¢,-) € Ll( ) such that

1D2G(u, y)[¢] = DG (v, 9)[0)llop,—a1 < L (s y)llu—u'||—g, u,u’ € _p,y €X.
There exists Mpg : ®_, x X — R such that
1D2(G(w, 9)[@Dllop, a1 < MpG(w,9)[|Pllgrs v € Pp, ¢ € Byy,y € X (2.26)

[1D2(G(w, 9)[#D)llop,~a < Mpa(w,y)l|dllg; u € @—p, ¢ € g,y € X,

and

Mpo=  sup / max{ Mp(u, y), Mg (u ) }v(dy) < oo
{ue®_pifjul-p<mr} /X

Here || - ||op,—qi (Tesp. || - |lop,—q) is the operator norm in L(®_,4 ,R) (resp. L(®_4,R)).
(d) The functions Mg and Lg in Condition 2.11 are in H defined by (2.13).

Theorem 5.1 shows that under Conditions 2.11 and 2.13, for every ¢ € L?(vr) there is a
unique n € C([0,T], ®_,, ) that solves

/ Db(X(s))n(s)ds + / DLG(XO(s), y)n(s)v(dy)ds
Xx[0,]

/ G(XO(s), 9 (. s)w(dy)ds, (2.27)
Xx[0,¢]

16
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in the sense that for every ¢ € ®

Xx[0,t]

n@MzADWW®WM@%+/ Do (G(X"(s), ) [@])n(s)v(dy)ds
+-J/ GXO(s), 9)[1 (. s)v(dy)ds. (2.28)
Xx[0,¢]

The following is the main result of this section.

Theorem 2.14 Suppose Conditions 2.11 and 2.13 hold. Then {Y¢}.~0 satisfies a large devia-
tion principle in D(]0,T], ®_,,) with speed b(e) and rate function I given by

o = int { 31012}

where the infimum is taken over all 1 € L*(vr) such that (n,v) satisfy (2.27).

In Section 6 we will provide an example taken from [48] where Conditions 2.11 and 2.13 hold.

3 Proof of Theorem 2.3

The following inequalities will be used several times. Recall the function ¢(r) = rlogr —r + 1.

Lemma 3.1 (a) Fora,b€ (0,00) and o € [1,00), ab < €7@ + 24(b).

(b) For every B > 0, there exist k1(8), k1 (B) € (0,00) such that k1(8),k}(8) — 0 as B — o0,
and
|z — 1| < k1 (B)l(z) for |z — 1] > B,2 >0, and x < K} (B)l(z) for x > .

(c) For each B > 0, there exists ko(8) € (0,00) such that

lz — 12 < ka(B)l(x)  for |z —1| < B,z > 0.

(d) There exists k3 € (0,00) such that

U(x) < kgl — 112, |0(z) — (x — 1)%/2| < k3lz — 1> for all z > 0.

Note that we can assume without loss that k2(3) is nonincreasing in #. The following result
is immediate from Lemma 3.1.

17
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Lemma 3.2 Suppose ¢ € SJAF/{E for some M < oo, where Sf‘fa is defined in (2.5). Let ¢ =

Then for all 5 >0

(a) / (W1 {jy|>8/ate)ydvr < Ma(e)ki(B)
Xx[0,1]
(b) Pligsppdrr < Ma?(e)k)(5)

Xx[0,T]

(c) / 1121 g1<p/aeydvr < MEa(B),
Xx[0,T]

where k1, K] and kg are as in Lemma 3.1.

p—1

a(e)

The property that I defined in (2.7) is a rate function is immediate on observing that
Condition 2.2(a) says that I'x = {Go(g) : g € B2(K)} is compact for all K < oo, and therefore

for every M < oo, {n € U: I(n) < M} = Np>1T9p741/, is compact as well.

To prove Theorem 2.3 it suffices to show that the Laplace principle lower and upper bounds
hold for all F' € Cp(U). Let G° be as in the statement of Theorem 2.3. Then it follows from

Theorem 2.1 with § = e~! and F(-) there replaced by F o G%(¢-)/b(e) that

~b(e) logBle ™"V = inf B [b(e)e Lr(e) + F o G(eN*¥)].

pEAL
We first prove the lower bound

lim i(I)lf —b(e) log Ble FY*)/4()] > in{j [I(n) + F(n)].
g— ne

For € € (0,1), choose @° € A, such that

—b(e)log Ble ")/ > | [b(s)s—lLT(;oa) +Fo ga(gwa”sbf)} —e.

Since ||F||co = supgey |F(z)| < 0o, we have for all € € (0,1) that
. _b(e -
M= 1Pl + 1) 2B ")

Fix § > 0 and define
7€ =inf{t € [0,T] : b(e)e *Ls(7°) > 2M||F||oo/0} A T.

Let
@E(ya S) = @E(y7 3)1{s§78} + 1{S>T6}’ (y7 5) € X x [O7T]

18
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Observe that ¢° € A, and b 1LT( f) <

(e)e M = 2M || F||s0/d. Also,
P{o® # ¢} <P{b(e)e 'Lr(¢°) > M}
Elb(e)e ™ Lr(¢°)]/M

)
2[| F'lloo

where the last inequality holds by (3.4). For (y,s) € X x [0,T] define

IN N

IA

{ﬁa(gﬁ 8) = Cps(i’(i))_lv 1/}6(:9’ S) = ( ,(5)) ! = /lPZ}E(yus)]-{SSTE}.

€
Fix g € (0,1] and let B. = 8/a(e). Applying Lemma 3.1(d), Lemma 3.2(c), using x2(1) > ka2(f)
and (3.3), we have that
b(e)

—b(e) log Ble P/ > | | =2 / 0(@%)dvyp + F o QE(EN€_1¢E)] —€
Xx[0,T]

v

3

(b i
(6)/ U )Ly <pydvr + F 0 G(eNT % )] -
Xx1[0,7]

v
=

3

-1 —1 e
5[ (0 msa@ ) Ly + F o GFN >]
Xx[0,T]

v
=

HE

E (F o g8(5N571“0

+

)~ Fo ga(gNE’“f)) e

1

> E 2/ (¢6)21{|w5|SBE}dl/T + Fo gg(eNg_l(pE)]
| < /Xx[0,T]

1
—0—e— §ﬁI€3M/€2(1), (3.6)
where the last inequality follows from (3.5) on noting that

) = FoGi(eN* )| < 2| FllP{¢" # &} < 6.

)E (F 0 GE(eN® ¥
By weak compactness of Ba(r) and again using the monotonicity of ra(8), {¥°1{jys|<g/a(e)}}
is a tight family of By((Mrg(1))'/?)-valued random variables. Let 1 be a limit point along
a subsequence which we index once more by €. By a standard argument by contradiction it
suffices to prove (3.2) along this subsequence. From Condition 2.2(b), along this subsequence
G¢(eN¢ "% converges in distribution to n = Go(¢)). Hence taking limits in (3.6) along this
subsequence, we have

E

v

lim inf —b(¢) log E[e_F(YE)/b(é)]

e—0

1
/ ¢2duT+F(77) —0— éligMﬁg(l)
2 Jxxjo,1 2

> B[1(n) + Fln)] 5~ 3 s Ma(1)

> inf (1) + F(n) —5—%5@]\4@(1).
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where the first line is from Fatou’s lemma and the second uses the definition of I in (2.7).

Sending 0 and 3 to 0 we get (3.2).

To complete the proof we now show the upper bound

lim sup —b(¢) log Ble ")) < inf [I(n) + F(n)].

e—0 nel

Fix § > 0. Then there exists n € U such that

I F(n) < inf
(n) + (”)—élélu

[L(n) + F ()] +6/2.
Choose v € L%(v7) such that

1

! / Wp[2dvr < I(n) + 672,
2 Jxxjo,1]

where n = Go(¢). For 8 € (0, 1] define
Y= ¢1{|¢|§%}7 - =1+ a(5)¢5~

From Lemma 3.1(d), for every ¢ > 0,
/ (¢%)dvr < Kg/ (¢° — 1)%dvr
Xx[0,T] Xx[0,1]
= a2(€)/<53/ [v° [2dvr
Xx]I0,

< a®(e)M,

where M = k3 fXX[O 1] [p|?dvp. Thus ¢° € YUY, for all € > 0. Also

Y e 2y = Pl

a(e)

which converges to ¢ as € — 0. Thus from Condition 2.2(b)

G (eNT¥) = Go(¥).
Finally, from (3.1), Lemma 3.1(d) and using b(¢)e~! = 1/a(e)?,

€

—b(e)logE [e*F(W)/b(E)} < ble)e ' Ly(¢f) + Fo gs(aNE_lw )

IN

2
1

Xx1[0,7T]

IN

Xx[0,T]

20

1 _
/ 1|2 dvr + lig/ a(e)|° ] dvr + F o GE(eN® ¢
Xx[0,7]

5 (14 2+36) / |2 dvr + F o GS(eN® ¢

(3.7)

(3.8)

(3.9)

(3.10)

€

)

1>

).
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Taking limits as ¢ — 0 and using (3.10) we have
lim sup —b(e) log B [e_F(YS)/b(‘E)} < %(1 + 2r33) / ¢ 2 dvr + F ().
Sending 8 — 0 gives
lim sup —b(¢) log B [e_F(YE)/b(E)} < ;/’¢’2dl/T + F(n)

e—0

<I(n)+F(n)+d/2
Sgg{j[f(n)JrF(n)] + 9,

where the second inequality is from (3.9) and the last inequality follows from (3.8). Since § > 0
is arbitrary, this completes the proof of (3.7). O

4 Proofs for the Finite Dimensional Problem (Theorem 2.7)

From Theorem 2.5 we see that there exists a measurable map G : M — D([0, 7] : R%) such that
X¢ =G(eN "), and hence there is a map G¢ such that Y = G¢(eN° ). Define Go : L(vp) —
C([0,T] : RY) by

Go(w) = n if for 1 € L*(vr),n solves (2.14). (4.1)

In order to prove the theorem we will verify that Condition 2.2 holds with these choices of G¢
and go.

We begin by verifying part (a) of the condition.

Lemma 4.1 Suppose Conditions 2.4 and 2.6 hold. Fix M € (0,00) and g°,g € Ba(M) such
that g¢ — g. Let Gy be as defined in (4.1) Then Go(g°) — Go(g).

Proof. Note that from Condition 2.4(c), (y, s) — G(X%(s),) is in L?(vr). Thus, since g° — g,
we have for every ¢ € [0, 7]

[ a6 s > [ g6 s (42)
Xx[0,¢] Xx[0,¢]
We argue that the convergence is in fact uniform in ¢. For that note that for 0 < s <t < T

§G+SW\X%M>4HﬂMdWW@WWMWW

/ o (4, 1) G(XO(w), y)w(dy) du
XX [s,t] 0<u<T

< <1+ sup \XO(U)I> [t — s['/2M|| M2,
0<u<T
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where abusing notation we have denoted the norm in L?(v) as ||.||2 as well. This implies equicon-
tinuity, and hence the convergence in (4.2) is uniform in ¢ € [0,7]. The conclusion of the lemma
now follows by an application of Gronwall’s lemma. m

In order to verify part (b) of Condition 2.2, we first prove some a priori estimates. Recall
the spaces H introduced in (2.13) and Sf‘r/{s in (2.5).

Lemma 4.2 Let h € L*(v)N'H and let M € (0,00). Then there exist ¢ € (0,00) such that for
any measurable I C [0,T] and for all e > 0,

sup / B2(y)(y, s)v(dy)ds < s(a2(e) + 1))
XxI

pesH,

where |I| = Ap(I).

Proof. Fix ¢ € SY_ and let I' = {y : |h(y)| > 1}. Then

/ h2pdvr :/ h2pdyr —i—/ h2pdur. (4.3)
Xx1I I'xI FexI

The second term on the right side can be estimated as

/ h2pdur </ <p1{¢21}duT+/ R dvr
TexI XxI XxI

< Ma?(e)sy (1) + [I[A]]3, (4.4)

where the second inequality follows from Lemma 3.2(b). Consider now the first term on the
right side of (4.3). Note that v(I') < ||h]|3 < co. Let & be as in the definition of H and let
M%) = Jn e W)y(dy). Then, applying the inequality in Lemma 3.1(a) with o = 1, a = A2
and b = ¢/J, we have

/ B2() (g, s)(dy)ds < |1] / W)y (dy) + / oy, 5)/6)(dy)ds
I'xI T N

x I

< MO+ [ ey s)/Eidy)as. (45)

x 1

Note that for z > 0

x x x T
((5) = 5le(5) -5+
1 -1 (z—-1) log &
= —l(x)+ - logd —
) 4 ) )
1 |logd| &+ |logd|
<= - .
< 5€(x)+|:c 1] 5 + 5
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Thus

[ totw.9/wiands < 5ae) + a@at) [ ol s)ivdn)ds + @Ol (16
I'xI I'xI

where ¢1(8) = \lo§;5\’ c2(0) = M and ¢ = (p — 1)/a(e). Finally
o) [ 1wldvr = o) [ wlguyaepdvr+a) [ Wllguemender
I'xI I'xI I'xI

1/2
< Ma®(e)r1(1) + a(e)|1]"/*/u(T) </ |¢|21{|¢<1/a<5)}dw>
< Ma*(e)k1(1) + a(e) 1)V /v(T)(Mra (1)) Y2, (4.7)

where the first inequality follows from Lemma 3.2 (a) while the second uses part (c) of the same
lemma. The result now follows by combining (4.5) and (4.4) with the last two displays and using
a(@)|I|'? < (a(e)® + |1])/2. =

Lemma 4.3 Let h € L?(v) N'H and I be a measurable subset of [0,T]. Let M € (0,00). Then
there exist maps 9, p : (0,00) — (0,00) such that 9(u) | 0 as w T oo, and for all €, 3 € (0, 00),

sup / ) )L o5 aien(dy)ds < D(B)(1 + [T]V2),
peSM JXxI

and

sup / [h(y) ey, 5)|v(dy)ds < p(B)T]'* +9(B)ale).
Xx1I

peSM

Proof. Let ¢ € SM and 8 € (0,00). Then

/ )by, )| (dy)ds < / ()6 (5, 8)| Ly <s/aey(dy)ds
XxTI XxTI
4 /X B 1 () (48)
X
By the Cauchy-Schwarz inequality and Lemma 3.2(c)
1/2
/ ) (9, ) L1 </aey(dy)ds < (m / 12 (y)v(dy) / w%ﬂw/a(enu(dy)ds)
XxTI X XxI
< 2 (Mra(B)2 112, (4.9)

23



27

January 15, 2014

Let ¢ = 1+ a(e)v, and note that ¢ € SY_. For the second term in (4.8), another application of
the Cauchy-Schwarz inequality and Lemma 3.2(a) give

XxTI

1/2
/ h(yw(y,s)ﬂawzﬁ/a@)}u(dy)dss(/ B2 () [y, ) |v(dy)ds / |w<y,s>|1{wzﬁ/a@}u(dy)ds)
XxI XxI

1/2
< (Ma(a)»sl(m / th2<y>rw<y,s>|v<dy>ds)

1/2
= (Mm(ﬂ) /Xxlh2(y)l<p(y, s) — 1\V(dy)d8)

< (Mm(ﬂ) (II\HhH%+/Xxlh290dw))l/2 (4.10)

< (M1 (B)V2 (|RIBIT] + s(a?(e) + 1), (4.11)

where the last inequality is obtained by an application of Lemma 4.2. Recall from Lemma 3.1

that x1(0) P29°0. The first statement in the lemma is immediate from (4.11) while the second
follows by adding (4.9) and (4.11). =

Recalling the definition of L{_]K8 in (2.6), we note that for every ¢ € L{_ﬂ/{s the integral equation
AX=9(s) = (X% (s))ds + / CG(X(s—),y) N© "(ds, dy) (4.12)
X

has a unique pathwise solution. Indeed, let @ = 1/¢p, and recall that ¢ € Z/lf{a means that ¢ =1
off some compact set in y and bounded above and below away from zero on the compact set.
Then it is easy to check (see Theorem I11.3.24 of [47], see also Lemma 2.3 of [12]) that

£5(7) = exp { / log(p)dN + / (—3+1) duT}
(0,t]xXx[0,e~L¢] (0,t]xXx[0,e~1¢]

is an {ft}-martingale and consequently
Q(G) = [ Ep)P,  for G € B
G

defines a probability measure on M. Furthermore P and Q% are mutually absolutely continuous.
Also it can be verified that under Q%, eN €7'¢ has the same law as that of eN° ' under P. Thus
it follows that X=¥ = G°(eN¢ '#) is Q% a.s. (and hence P a.s.) the unique solution of (4.12),
where G° is as in Theorem 2.5.

Define Y&% = ge(st_l‘P), and note that this is equivalent to

yer = a(lg)(XW - X°). (4.13)
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The following moment bounds on X% and Y*% will be useful for our analysis. Lemma 4.4,
which is needed in the proof of Lemma 4.5, has a proof that is very similar to the proof of
Proposition 3.13 in [10]. Since a similar result for an infinite dimensional model is proved in
detail in Section 5 (see Lemma 5.3 (a)), we omit the proof of Lemma 4.4.

Lemma 4.4 There exists an g € (0,00) such that

sup sup B | sup |X%9(s)]?| < .
c€(0,e0) et |0<s<T

Lemma 4.5 There exists an g € (0,00) such that

sup sup E

e€(0,e0) peu!. | 0<s<T

sup |Y6"'D(S)|2] < 0.

Proof. Fix ¢ € U}, and let ¥ = (¢ — 1)/a(e). Let Ne 'e(dy,ds) = N¢ '?(dy,ds) —
e~ to(y, s)v(dy)ds. Then

X=9(t) - X°(t) 2/0 (b(X=%(s)) —b(XO(S)>)der/XX[0 ) eG(XTP(s=),y)N= ' ?(dy, ds)

4 / (G(X7%(s), ) — G(X(5).9)) oly, s)v(dy)ds
Xx[0,t]

4 / G(XO(s),9) (o(y, 5) — 1)v(dy)ds.
Xx[0,t]

Write
YEP = ASP 4 MY 1 BE¥P 515»80 +C%, (4.14)

where

a(e) Jxx(o4

A5 (1) = (1) /0 (B(X=(s)) — b(X"(5)) ds,

() = &% (s O(s v s

B = o [ (G (0),0) = GOC().0) vidds,

E59(1) = /X . (O (6).9) = GX(5),0) vl

Co(1) = / G(X(s), y)(y, s)(dy)ds. (4.15)
Xx[0,¢]
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Noting that M*¥ is a martingale, Doob’s inequality gives

B |sup [M=?(r)]2| < (5>2E / IG(X(s), v) 2 oy, s)v(dy)ds
TS? ~ \a(e) Xx[0,T] i Y Y
< af(gg)E (1 +§E¥IXE,¢(t)|2> /XX[O . Ma(y)2e(y, S)V(dy)dg] |

From Condition 2.6 Mg € H, and so Lemmas 4.2 and 4.4 imply that for some 7; € (0,00) and
e € (0,ep), where g¢ is as in Lemma 4.5.

sup E [sup |[M=#(r)|? Syl%. (4.16)
peuM_  |r<T a®(e)

Next by the Lipschitz condition on G' (Condition 2.4(b) and Condition 2.6(a)) and the Cauchy-
Schwarz inequality, there is 7, € (0,00) such that for all ¢ € [0, 7] and ¢ € UM,

2
sup [£7°7(r)|* < a®(e) (/XX[O ] Lc(y)!Yw(S)llw(y,S)IV(dy)d8>

r<t

< a’(e) sup [Y54(s) (/ La)ld(y, 8)\V(dy)d8>
Xx10,t]

s<t

< 7pa? () sup [Y4(s) 2, (4.17)

s<t

where the last inequality follows from Lemma 4.3.

Again using the Lipschitz condition on G we have, for all ¢ € [0, T]

t
sup | B ()2 < T||Le|? / V2 (s)]? ds.
0

r<t

Similarly, the Lipschitz condition on b gives

t
sup |A%P(r))? < TL%/ Y% (s5)? ds.
0

r<t

From Lemma 4.3 again we have that, for some v5 € (0,00) and all ¢ € Uﬂ/{e

2
sup |C=¥(r)? < (/XX[O . |G(X°(s),y)¢(y, )| V(dy)d8>

r<T
2
< (1 + sup |X0(5)2> (/ Mea(y) ¥ (y, S)IV(dy)dS)
s<T Xx1[0,7

S 735
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Collecting these estimates we have, for some v, € (0,00) and all ¢ € U, ¢ € [0,T]

(1= 5 (e [sup(P2 ()] <7 1+ [ B sup(v =2 ()| ar).

s<t s<r

Choose €q such that (1 —5a%(g)y,) > 1/2, for all € < g9. The result now follows from Gronwall’s
inequality. m

Lemma 4.6 Let h € L?(v) N'H. Then for every § > 0 there exists a compact set C C X such
that

sup sup / [h(y)(y, s)|v(dy)ds < 4.
>0 ¢peSM JCex[0,T)

Proof. By Lemma 4.3, for all ¢ € SM
/ B (Y, ) 11> 5/a(e)y ¥ (dy)ds < 9(B)(1+T?),
Xx[0,T

where () | 0 as 8 1 co. Choose 3, < oo such that 9(8,)(1 + T"/?) < §/2. Next, from Lemma
3.2(c), for any compact set C' in X

1/2
/ |R (Y)Y (Y, $)11p1<B,/ate)y [V (dy)ds < <T/ hQ(y)V(dy)/ ¢21{|¢|gﬁo/a(a)}>
Cex[0,T] Ce Xx[0,T]

< (vrreaten) [ i)

Since h € L%(v), we can find a compact set C such that

1/2

(Teaso) [ wwian) " <2

and the result follows. m

Lemma 4.7 Let h € L*(v) N'H and suppose h > 0. Then for any B < oo,

swp [ )60 5L orpgaey(di)ds 0 as e 0.
weSM JXx[0,T]

Proof. In view of Lemma 4.6, it suffices to show that for any compact subset C of X,

swp [ h@)O sy (d)ds 0 as e 0. (4.18)
YesSM JOX[0.T]
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For K € (0,00), write
From Lemma 3.2(a), for any ¢ € SM,

/ () Lin<ry |10, 8) 1> /a0y (dy)ds < K 1Y, )| L{jp|>8/a) Y (dy)ds
Cx[0,T) Cx[0,T]
< KMr1(B)ale). (4.19)

The same calculation as in (4.10), but with X replaced by C' and h with hl (h>K}s 8lves

/ hl{h>K}|¢|1{W;\>B/a(s)}dVT < (Mlil(,@)<T/ h21{h>K}dV
Cx[0,T7] C

1/2
+ / h%1 dv , 4.20
o (h>K}P T)> (4.20)

where ¢ = 1 + a(¢)y. Now using Lemma 3.1(a) with 0 = 1, a = k%, b = ¢/J, where § is as in
(2.13), we have

/ h21{h>K}(PdVT < T/ €6h21{h>K} dv —|—/ 1{h>K}€((P/5)dVT (421)
Cx[0,T] c Cx[0,T]

Next, noting that (4.6), (4.7) hold for all measurable sets I' in X, we have on applying these
inequalities with I' = C' N {h > K},

M
/ 1{h>K}€(QP/5)dVT < ?a2(8) + 61(5)6L(6)/ |'¢|1{h>K}dVT + c2(0)Tv(C N [h > K])
Cx[01] Cx[0,T]

M
< —<d*(e) + M1 (9)a®(€)m (1) + e1(8)a(e) T2/ (C) (MAa(1)) /2
+ c2(0)Tv(CNh > K]). (4.22)
Thus from (4.19), (4.20), (4.21) and (4.22) we have, for some M; < oo,
1/2
sup / hlY|1 gy p/aEerdvr < My <CL2(€) + (K 4+ 1)a(e) —l—/ 65h21{h>K}du> ,
PpeSM JOx[0,T] c

for all e > 0, K < oco. Since [ e‘shz(y)l{h>K}y(dy) — 0 as K — oo, the statement in (4.18)
follows on sending first ¢ — 0 and then K — oco. m

Lemma 4.8 Let {1)°}.~¢ be such that for some M < oo, ¥° € SM for all e > 0. Let f :
X x [0,7] — R? be such that

|f(y,s)] < hy),y € X,s€[0,T]

for some h in L?(v) N'H. Suppose for some B € (0,1] that Y1y |<B/a(e)} COnVETgES in
Bo((Mk2(1)Y2) to 1p. Then

/ fyfdvr — fodvr, for allt € ]0,T).
Xx[0,¢] Xx[0,¢]
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Proof. From Lemma 4.7 we have that
/ | FUE 1L > 5/a(e)pdvT — 0 as e — 0.
Xx[0,T
Also, since fljgy € L?(vr) for all ¢t € [0,T] and V1 ye|<8/a(e) — ¥, we have
/ P Ny <8 0@y VT — fibdvr.
Xx[0,t]

X% [0,¢]

The result follows on combining the last two displays. m

4.1 Proof of Theorem 2.7

The following is the key result needed for the proof of the theorem. It gives tightness of the joint
distribution of controls and controlled processes, and indicates how limits of these two quantities
are related.

Lemma 4.9 Let {¢°}.s0 be such that for some M < oo, ¢° € Uff{s for every € > 0. Let
Y = (g5 —1)/a(e) and B € (0,1]. Suppose that Y= = G=(eN¢ '¢°), and recall that Y% =
(X5~ X)/a(e), where X% = G(eNT%). Then {(Y*" v Lyyyei<pfaen)} is tight in
D([0,T] : RY) x By((Mro(1))'/2), and any limit point (Y 1) satisfies (2.14) with n replaced by

Y, w.p.1.

Proof. We will use the notation from the proof of Lemma 4.5. Assume without loss of generality
that & < gg. From (2.4) and (4.16) we have that E[sup,.<p |[M*¢"(r)[?] — 0 ase — 0. Also, since

from Lemma 4.5 sup_., E [supSST(YSWE (s))?] < oo, (4.17) implies that Elsup,<r |51€’<p5 (5)?] —
0.

Noting that X&%°(t) = X°(¢) 4 a(e)Y=¥" (t) we have by Taylor’s theorem
G(X59(s),y) — G(X°(s),y) = ale) DaG(X(5), y) V¥ (1) + B (s,y)

where B
[R5 (s,9)| < Lpa(y)a®(e)|Y5¥ (s)[?

Hence
B (t) = / DoG(X°(s),y) Yo" (s)v(dy)ds + £ (1),
Xx[0,¢]

where with Kpg = fx Lpe(y)v(dy),

T
sup |£57 (1)| < Kpaa(e) [ 1759 (5)ds.
r<T 0

29



33

January 15, 2014

Thus using Lemma 4.5 again, E[sup, < ‘5251905(7,”] — 0. Similarly,
A5 (t) = /Ot Db(XO(s))Y=%(s)ds + 5;’“05 (t)
where E[sup,.<r \S?f’we (r)|]] — 0.
Putting these estimates together we have from (4.14)
Ve (1) = E599°(t) + /Ot Db(X°(s))Y=%" (s)ds

+ / D,G(X°(s),y) Y% (s)v(dy)ds + / G(X(s), )¢ (y, 5)v(dy)ds
Xx[0,t] Xx[0,¢]
(4.23)

where £¢° = Mo + £7%° + &5 + £7% = 0.
We now prove tightness of
B0 = / DaG(X(8),y)Y = (s)v(dy)ds, C™() = / G(X"(s), y)v* (y, )v(dy)ds
Xx[0,] Xx[0.]

and

Ao () = /O Db(XO(s)) 75 (s)ds.

Applying Lemma 4.3 with h = Mg

Ot +0) = G (1) = /M 11y |GG 3) ) s

0<s<T

. <1+ . yx2|> [ Mo s
XX [t,t+6]

< <1+ sup yx2|> (p(1)6Y2 +9(1)a(e)). (4.24)

0<s<T
Tightness of {C*%" }.~q in C([0,7] : R?) is now immediate.

Next we argue the tightness of B¥". Recall that mp = SUPsc[o,7] |X%(s)|. Then, for 0 <t <
t+0<T

2
(B (¢ +8) — B (1) = </X DIG<X°<s>,y)YE’““(S)”(dy)dS)

X [t t+6]

2
< (( sup / DIG<x,y>|opu<dy>) / |Y€’f<s>|ds)
je|<mz Jx t4-+6]

< Ko sup |[Y59 (1)|20,
t<T
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where Ko = T'SUD|3)<py [x [ DG (%, y)|opv(dy), which is finite from Condition 2.6 (b). Tightness

of {B*¥"}.~¢ in C([0,T] : RY) now follows as a consequence of Lemma 4.5. Similarly it can be
seen that A*¥" is tight in C([0,7] : R%) and consequently, Y= is tight in D([0,T] : R%). Also,
from Lemma 3.2(c), ¥°1yc|<p/a(c)} takes values in Bo((Mky(1))Y/2) for all € > 0 and by the
compactness of the latter space the tightness of ¥°1{jyc|<g/a(c)} is immediate. This completes
the proof of the first part of the lemma. Suppose now that (175’“"5,1/151{|ws|§5/a(8)}) along a

subsequence converges in distribution to (Y,4). From Lemma 4.8 and the tightness of C*%°
established above

(YWE, / G(X(s), )¢ (y, S)V(dy)d8>
Xx[0,]

converges in distribution, in D([0,7] : R??), to (Y7fX><[O,~] G(X%(s),y)¢(y, s)v(dy)ds). The

result now follows on using this in (4.23) and recalling that £5%° = 0. =

We now complete the proof of Theorem 2.7.

Proof of Theorem 2.7. It suffices to show that Condition 2.2 holds with G* and Gy defined
as at the beginning of the section. Part (a) of the condition was verified in Lemma 4.1. Consider
now part (b). Fix M € (0,00) and 3 € (0,1]. Let {¢}.~0 be such that for every e > 0, ¢° € U},
and Y1 qjpe|<g/a(e)} = ¢ in Bo((Mra(1))Y2), where ¢° = (¢ — 1) /a(e). To complete the proof
we need to show that

-1 e

G5 (eN® 7)) = Go(¥).

Recall that gg(z—:NEi%OS) = Y% . From Lemma 4.9 {(Y‘E’@E,w51{|¢s|§5/a(a)}) is tight in D([0,T7] :
R%) x Bo((M#k(1))%/?) and every limit point of Y=¢° must equal Go(¢)). The result follows. m

4.2 Proof of Theorem 2.8

Fix n € C([0,7] : R%) and 6 > 0. Let v € L2([0,T] : RY) be such that

3/ ") ds < I(n) + 6

and (n,u) satisfy (2.15). Define ¢ : X x [0,7] — R by

d

U(y,s) = Zui(s)ei(y, s), (y,s) € X x[0,T]. (4.25)

i=1
From the orthonormality of e;(-, s) it follows that
1 5 I )
= || *dvr = = lu(s)|“ds. (4.26)
2 Jxxo,1] 2 Jo
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Also
[As)u(s)]i = D _{Gi(X(s),), €5, 8)) 12(yus (3)
=1
’ d
= G’L(XO(S)a )7Zej(?s)u](s)>
= L2(v)

= (Gi(X°(5),), % (- 8)) £2(0);
so that A(s = [(y,s)G(X(s),y)v(dy)ds. Consequently 7 satisfies (2.14) with ¢ as in
(4.25). Cornb1n1ng this With (4 26) we have I(n) < I(n) + 6. Since § > 0 is arbitrary we have
I(n) < I(n).

Conversely, suppose 1 € L?(v7) is such that

] i
3 | luldvr < T+
2 Jxxjo1)

and (2.14) holds. For ¢ =1,...,d define u; : [0,7] — R by
ui(s) = (Y(-;8), €, 8)) L2 (v)-

Note that with v = (uq,...,uq),

(4.27)

For s € [0,T1, let {e;(-,s)}32,,, be defined in such a manner that {e;(-,s)}72; is a complete
orthonormal system in L?(v). Then, for every s € [0, 7]

d
= (G ), €5 (-, 8)) L2 (W (-, 8), €5 (-, 8)) L2
j=1
Z e]( )>L2(1/)<1/)('a5)76j('75)>L2(y)

7=1

= (Gi(X°(), ), (- 8)) 12w

where the second equality follows on observing that Gi (X O(s),-) is in the linear span of {e; (-, s)}?:1
for every i = 1,...,d. So A(s = [(y,s)G(X(s),y)v(dy)ds and therefore (n,u) satisfy
(2.15). Combining this with (4 27) we get I(n ) < ( )+ 4. Since § > 0 is arbitrary, I(n) < I(n)

which completes the proof.
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5 Proofs for the Infinite Dimensional Problem (Theorem 2.14)

From Theorem 2.12 there is a measurable map G° : M — D([0,T] : ®_,) such that Y*¢ =
G°(eN"). Also, in Theorem 5.1 below we will show that for every 1 € L2(vr) there is a unique
solution of (2.27). We denote this unique solution as Gy(7)). In order to prove the theorem it
suffices to show that Condition 2.2 holds with G° and Gy defined as above.

Recall that Conditions 2.11 and 2.13 involve numbers p < ¢ < ¢q;. We start by proving the
unique solvability of (2.27).

Theorem 5.1 Suppose Conditions 2.11 and 2.13 hold. Then for every ¢ € L?(vr), there
exists a unique 1, € C([0,T],®_4 ) that solves (2.27). Furthermore, for every M € (0,00),

SUPye By (M) SUPo<t<1 |11 ()| g < 0.

Proof. Fix M € (0,00), and for ¢ € Ba(M), let 7,,(-) fXX[O ] (XO(s),y)w(y, s)v(dy)ds. By
an application of the Cauchy-Schwarz inequality, Condition 2.11(b) and the definition of my in
(2.22), we see that for every such ¢ and 0 < s <t <T

H%@—%@szémJ%WWWWWﬂWMWP (5.1
ga—sﬂ”mu1+ww>(@Aﬂawvuw)UQ
— (- 5)mb,
where 1/2
b= 211+ ) ([ 32mian) (5.2)

This shows that 7, is in C([0,7] : ®_,). Henceforth we suppress ¢ from the notation unless
needed. With A, as in Condition 2.13, define b : 0,T] x ®_; — &_,, by

b(s,v) = Axo(e) (v +7i(s /D ) v +a(s)lv(dy), (s,0) €[0,T] x @—q. (5.3)

The right side in (5.3) indeed defines an element in ®_,, as is seen from the definition of A, and
the estimate in (2.26). Note that 7 solves (2.27) if and only if 7 = 1 — 7 solves the equation

t
) = [ Bs.its)ds (5.4)

We now argue that (5.4) has a unique solution, namely there is a unique 7 € C([0,7T] : ®_,)
such that for all ¢ € @

mmm—ﬂémmmmw»emjy
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For this, in view of Theorem 3.7 in [10], it suffices to check that for some K < oo, b satisfies the
following properties.

a) For all t € [0,7] and u € ®_,, b(t,u) € ®_,,, and the map u + b(t, u) is continuous.

(
(b) For all ¢t € [0,T], and ¢ € ®, 2b(t, ¢)[0,¢] < K(1+ [|[%,).
(c) For all t € [0,T], and u € ®_, ||b(t, w2, <K@+ [ul?,).
(d) For all t € [0,T], and u1,us € ®_,

2(5([‘5, ul) — l;(t, UQ), uy — UQ>7q1 < K||U1 — ’LL2||2_q1. (5.5)

Consider first part (a). For s € [0,7] and n € ®_,, define Axo(s) (n) : &, — R by

Axoge)(m)[é] = /X D, (G(X%(s),9)[6]) [nlv(dy).

Note that b(s,v) = Axo(sy(v +17(s)) + AXO(S)('U +7(s)). Let K1 = max{yv/Tmk, 1}, with m}.
defined in (5.2). Then using Condition 2.13(c) and (5.1) we have, for each fixed s € [0,T], that

| Axoge) (v +(5))[@]] < KiMpe(L+ 0] —g1)[[llgss ¢ € gyov € g (5.6)

Consequently, for each fixed s, v — AXO(S) (v+17(s)) is a map from ®_, to ®_,,. Also, from
Condition 2.13(b) for each fixed s, v = Axos) (v + 7(s)) is a map from ®_; to ®_4,. By the
same condition the map v — Axo(s) (v + 7(s)) is continuous for each s. Also, from Condition
2.13(c) we have for each fixed s € [0,T] and v,v" € ®_,

[Axo(s) (v +7(5))[0] = Axo(s)(v' +71())[0]] < Mpgllv —'ll-g, 0llgrs ¢ € Pg. (5.7)
Consequently the map v — A x0(s)(v +7(s)) is continuous as well. This proves (a).

For (b) note that again using Condition 2.13(c) and (5.1), for ¢ € P,

Axo(s) (¢ +11())[0g9] < /X Mpe(X°(s),9)l10g0lqll6 + 7(s)ll-qv(dy)
<Mpa(mpVT + 6] -q) ]l (5-8)
Also, from (2.25)
24 x0(5) (¢ +71())[048] < Callldll—g + VTmp)||6]| -
Combining this estimate with (5.8) we have (b).
Consider now part (c). Note that, from (5.6) we have

| Axoge) @+ ii(s)|-gy < KiMpg(L+ o] —q,), v € B,
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Also, from (2.23) and (5.1)
[Axoo)® + 7)) gy < Mal+VTm] + ol]_y), v e &,
Combining the last two estimates we have
1Bt ) < (KiMpg + Ma)(L+VTmT + o]l ), v e o, (5.9)

which verifies part (c).

Finally, for (d) note that from (2.24), for all u;,us € ®_, and s € [0, 7]
(ur = ug, Axo(g) (w1 +7(s)) = Axo(s)(uz +7(s))) —qr < Lallur —ual2,. (5.10)
Also, from (5.7), for all uy,up € ®_, and s € [0, 7]
(ur — g, Axo(s) (ur +7i(s)) — Axogs) (uz2 +71(s))) g < Mpgllur — ual®,,- (5.11)

Part (d) now follows on combining these two displays.

As noted earlier, we now have from Theorem 3.7 in [10] that (5.4) and therefore (2.28) has
a unique solution in C([0,T],®_,, ). Also, from the same theorem it follows that

swp  sup [[7(t)]_q < co.
pEBa(M) 0<t<T

The second part of the theorem is now immediate on noting that

sup  sup |In,(t)]|-g < VIm{ + sup sup [[7(t)]-q
YEBy(M) 0<t<T YEBy (M) 0<I<T

The following lemma verifies part (a) of Condition 2.2.

Lemma 5.2 Suppose that Conditions 2.11 and 2.13 hold. Fix M € (0,00) and g°,g € Ba(M)
such that g¢ — g. Let Gy be the mapping that was shown to be well defined in Theorem 5.1.
Then Go(g°) — Go(9)-

Proof. From (5.1) and the compact embedding of ®_,, into ®_, we see that the collection

{ﬁs(‘) :/ G(XO(T),y)gE(y,r)y(dy)dr}
Xx10,]

e>0

is precompact in C([0,7] : ®_,). Combining this with the convergence g° — ¢ and the fact that
(s,9) — G(X°(s),y)[¢] is in L?(v7) for every ¢ € ®, we see that

n.—nase— 0in C([0,T]: ®_,) (5.12)
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where 77 = [, 1o ] G(X°(r),y)g(y,r)v(dy)dr. Next, let 1. denote the unique solution of (2.27)
with 1 replaced by ¢° and, as in the proof of Theorem 5.1, define 7, =71, — 7.. From Theorem
5.1

My = sup sup_[[7.(8)]—q < o (5.13)
>0 0<t<T

Also, for every fixed ¢ € ®, 7, solves

t
R0 = [ Bl (s)lolds, (514
where b, is defined by the right side of (5.3) by replacing 7 with 7.

Next, let 7 € C([0,T] : ®_4,) be the unique solution of

ﬁ®M=A5®WWM%WE@

where b is as in (5.3). Let A, = A, + A, and a.(s) = Axo(s) (n:(s)+n.(s)) — AXO(S) (n(s)+n(s)).
Using the same bounds as those used in (5.9), (5.10) and (5.11), there is K < oo such that

I7() = ()12, = 2/0 (be(s,7.(5)) = b(s,7(s)), Me(5) = 7)) —gsds

where Ko = 2(K1M}q + Ma)(1 +VTmk + My) and My is from (5.13). Thus

I17.() = n(®)]1%, §2K/0 IIWE(S)—U(S)||2q1dS+K3/O (17 () = ()12 g, + 1177 (5) = ()| —, ) ds,

where K3 = Ko + 2K. The result now follows on combining this with (5.12) and ¢ < ¢1, and
using Gronwall’s lemma. m

We now consider part (b) of Condition 2.2. For ¢ € L{y’E let X=¢ = G5(cN® '#). As in
Section 4 it follows by an application of Girsanov’s theorem that X% is the unique solution of
the integral equation

t
ﬁﬂwzmm+Ab@wmwwwéwﬂmﬁﬂwMNf%@@$¢e¢ (5.15)

Define Y% as in (4.13). Then Y% = G(eN¢ '¥).
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The following moment bounds on X% and Y*¥ will be key. The proof of part (a) is
given in Proposition 3.13 of [10]. However, equation (3.33) in [10] contains an error, in view of
which we give a corrected proof below. The idea is to first approximate X% by a sequence of
finite-dimensional processes { X%} jcn and obtain an analogous equation for the d-dimensional
process for every value of d. The desired estimate follows by first obtaining an estimate for the
finite dimensional processes that is uniform in d and then sending d — oo.

Lemma 5.3 Suppose Condition 2.11 and 2.13(d) hold. Fix M < oo. Then there exists an
go > 0 such that

(a)
sup sup E sup HXE’@(S”EP < .
e€(0,0) peuM,  |0<s<T

(b)
sup  sup E sup ”}78790(8)”2_(1 < 0.
e€(0,e0) peuM_ | 0<s<T

Proof. We first prove part (5.3). We follow the steps in the proof of Theorem 6.2.2 of [48]
(see also the proof of Theorem 3.7 in [10]). Recall that {¢;};en is a CONS in @ and a COS in
®,,necN FordeNlet 7g:®_, — R? be defined by

ma(u) = (u[gh], ..., u[@h)]), ue P_p.
Let zf = m4(xo). Define 8% : R? — R? and g% : R? x X — R? by
8w =0 (0 010" ) 0l o' = G (300 s6770) [l = 1

where 7[¢] was defined in (2.16). Next define 44 : & — &’ by

d
=Y ulgfle,”,
k=1

and define b% :  — & and G¢: &' x X — &' by

b (u) = v"b(v'), G (u,y) =G (v, y).

It is easy to check that for each d € N, b? and G¢ satisfy Condition 2.11 [with (Mya, Mga, Cya, Lya, La)
equal to (My, Mg, Cy, Ly, L) for all d]; see the proof of Theorem 6.2.2 in [48]. Also, from Lemma
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6.2.2 in [48] and an argument based on Girsanov’s theorem (as in Section 4) it follows that the
following integral equation has a unique solution in D([0,T] : R?) for all ¢ € U f{ez

t
F49(s) = 2t + / Bz (5))ds + / eg (@4 (s—), y)N= P (dy, ds).
0 Xx[0,t]

Let ;
\ s 7d7 -
Xobe(t) ="z (t)e, ", te[0,T].
k=1

Then, with X§ = 320, (¢8)4¢,.?, for all t € [0, T

t
Xede(t) = Xd + / b (X=%9(s))ds + / eGUX=D2(s—),y) N ?(dy, ds).
0 Xx[0,¢]

We next prove that there exists g9 > 0 such that

sup sup [E | sup HX‘E’d’@(s)H%p < 0.
deN e€(0,e0) 0<t<T

The proof is similar to Lemma 6.2.2 in [48] (see also the proof of [10, Proposition 3.13]), and
therefore we just outline the main steps. By It6’s lemma

oed, 2
X522,

= [IX°@®)2, +2 /t b (X=H(5))[0, X5 (5)]ds
0

2 (X, G ) )) pdvrt [ G (5), )2 e
Xx[0,t] -p Xx[0,t]

+ / 2[<X€vd#’<s—>,aGd<XE’dv¢<s—>,y>> + eGHER (=), )2, | AN (5.16)
Xx10,t] -p

Recalling that Condition 2.11(c) holds with b = b? (with the same constant Cj, for all d), we
have

t t
2 /0 <X5’d""(s),bd(Xe’d"P(s))>_pd8é Cy /0 (1+ [ X549 (s)]2, )ds.

Now exactly as in [10, Proposition 3.13] it follows that there exists L; € (0, 00) such that for all
deN,e€(0,1) and@EUﬁ{a

sup || X542(s)|%, < Ly <1+ sup |Md<s>\>, (5.17)
0<s<T 0<s<T

where M9(t) is the last term on the right side of (5.16) (see (3.35) in [10]). Once more, exactly
as in [10] (see (3.36) and (3.37) therein) one has that there is a Ly € (0,00) such that for all
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deN,ee(0,1) and@EZ/lﬁ{g

_ 1_ _
B swp [MY(s)] < oo (148 sup [X4 I, ) + 3B sup X402,
0<s<T <t<T 8 o<i<T

Using the last estimate in (5.17) we now have that, for some g9 > 0,

sup sup sup [ sup ||X6’d’w(t)|!2_p<oo. (5.18)
deN e€(0,e0) peuM,_  0<t<T

Also an application of Girsanov’s theorem and Theorem 6.1.2 of [48] shows that X% converges
in distribution, in D([0,T] : ®_,) to the solution of (5.15). The estimate in part (5.3) of the

lemma now follows from (5.18) and an application of Fatou’s lemma.

We now prove part (5.3) of the lemma. By Ito’s formula,

IX=2(t) — X)), = / (X=%(s5) — X (5), (X9 (s)) — b(X (s))) s
/ (X5(s) — XO(s), G(X5%(s),4) — G(XO(5),5)))_qv(dy)ds
+ 2/ ()_(5’“"(5) — XO(S), G(X5%(s), Y))—q( — 1)v(dy)ds
Xx[0,¢]
[ eGP gevidy)is
Xx[0,t]
+/X><[O ; <2()_(5"P(s—) — X9(5-),eG(X5%(5-),9)) ¢

T IeG (X (s=),9)|2,) N ¢ (dy, ds)
= a?(e) (A5 4+ B5Y + C=%¥ + E7¥ + M{¥ + M%)

By Condition 2.11(d), for all ¢ € [0, T]
t —
sup A%?(r) < 2Lb/ HYE""(S)HQ_qu
0<r<t 0

Also by Condition 2.11(e)

t
sup |B=¥(r)| < HLG||1/ [YV=9(5)]|2 yds.
0<r<t 0
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Next, note that with ¢ = (¢ — 1)/a(e)

sup [C5¥(r)| < 2/X o [(Y=%(s), G(X*%(s), 1)) —q| [9)]dvr

0<r<t

< 2/ Y= ()| -q| G(X=%(s), y) | g el dvr
Xx[0,¢]

IN

2/ Y52 ()]l [IG(X°(5), 9)ll—g + La(m)ale)IY 59 (s)l|-q] [$]drr
Xx[0,¢]
< 2/ V= ()l - R ()¢ (1 + ae) Y4 (s)]-q) dvr,
Xx[0,]
where for y € X, Rg(y) = Mg (y)(1 +mr) + Lg(y). Thus

sup [C*¥(r)| < 2a(e) sup HYE’“"(T)IIQ_(,/
r<t

Ra(y)lYldvr + 2/ Y= (5) |- R (y) [¥ldvr
r<t Xx[0,t]

Xx[0,]

)

=T1+15. (519)

Consider now T». Note that Rg € L?(v)N’H. We can therefore apply Lemma 4.3 with h replaced
by Rg. For any 8 < oo

= 2/X 0.4] 1Y% (8) |~ Ra(W)|9] [Lipi<s/ae)) + Liw>s/ae)}] dvr
XY,

< 2sup [V (r) || -?(B)(1 + VT) +/X 0 (V=22 RE W) + [ 1y <s/a(ep] dvr
x19,

r<t

< 2sup V(1) | -9(8)(1 + VT) + Ll/[ | [V=2(s)|[2  ds + Mra(B), (5.20)

r<t

it

where Ly = [; R%(y)v(dy) and in the last inequality we have used Lemma 3.2(c). Once again
from Lemma 4.3

Ly = sup sup 2/ Re(y)|[Y|dvr < oc.
c€(0,1) pesM  Jxx[0,1]

Using @ < 1+ a? and the last two estimates in (5.19), we have that

sup [C=7(r)] < L(B) + sup Y= ()12 4 (Laale) +9(8)) + L1/ [Y=2(s)|2 4ds,  (5.21)

’I"St [Ovt]

where 9(8) = 209(8)(1 + VT) and L(B) = Mry(8) + 9(3).

Next note that

9

IN

sup £777(r) < — / (141 X=%(s)[| ) > ME&(y)p(y, s)dvr
r<t a(€) Jxx[o,

2
E —

(14 sup X)L, / ME(y) o(y, 8)dvr-
a*(e) s<T Xx[0,4]

IN
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Since Mg € L?(v) N'H, we have from Lemma 4.2 that
Ly = sup sup / Mé pdvp < 00,
€€(0,1) pesM_ JXx[0,t]
and consequently for all € € (0,ep)

3

E [supé‘f’“ﬂ(r)] <Ligry

r<t

where Ly = 2L3 sup (1+Esupge <7 [ X=#(s)[|2,) < 00 by part (a) of the lemma if g > 0

is small enough. Next, an application of Lenglart-Lepingle-Pratelli inequality (see Lemma 2.4

in [49]) gives that for some L5 € (0, 00)

Ls -
a?(e)

§L5\@—

0<s<T

E [ sup Mf’w(s)] <

L5\/7’ VP (g
2B |sup [V (/X[

IN

0.t

LoyE
<50 [ o
Lsv/e - ., L5Lyy/e
< Sale )Eslit p[Ye#(s) 2, + Jaz)

Finally,

E/ X%(s) — XO9) |12 ||G(XE% (s—
SB[ IEE - X

1/2
IG (X% (5), y)||2 v (dy)ds )

1/2
5| [ <X€~0<s>—X°<s>,sG<X€~0<s>,y>>2_qs—1sw<dy>ds]
Xx[0,T]

11/2
) YII2 v (dy)ds

sup [Y=9(s) (|2, + B <1 + sup IIXs’“”(S)IIQ_,J) / Mc(y)2s01/(dy)d8]
s<t Xx[0,t]

_ 1 _ _
B [ sup MS%)} < B [ eGR (s) )N )
Xx[0,T]

0<s<t (5)
1 _ _
/ I G(X=#(s), )| o
(5) Xx[0,T]
2e —/ — 9
< E GXE"PS,y 2 odv
OB ] IO oo
€L4
< .
< 20

Let €1 € (0,20) be such that for all e € (0,£1), max{e, a(e)
we now have for all ¢ € (0,¢1)

s<t r<s

/e

, 2(6 } < 1. Collecting terms together,

t
E [sup y?&s@(s)yﬁq] < Kl/o E [sup \|37s,so(r)y2q} ds + (L(ﬁ) 2L, + L54L4>

| Baate) 4 £a32 55 4 900) | B [swp 17 =20, |

s<t
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where K1 = 2Ly + || Lg||1 + L1. Since 1~9(ﬂ) — 0 as # — oo, we can find 8, < co and €2 € (0,¢1)
such that for all € € (0,e2), Laa(e) + Lssaey + Y¥(By) < 1/2. Using this in the above inequality,
for all € € (0,¢e2)

_ i Ki [ v
B sup V2 (0) 2, < Kot 5t [ [sup 7], | as,
0

s<t r<s

where Ky = 1(L(B,) + 2L4 + %) The result now follows from Gronwall’s inequality. m

The following result will be used in verifying part (b) of Condition 2.2. Recall the integer
q1 > q introduced in Condition 2.13.

Lemma 5.4 Suppose Conditions 2.11 and 2.18 hold. Let eg > 0 be as in Lemma 5.3, and
let {¢}ec(0,c0) be such that for some M < oo, ¢ € Z/ly’E for every € € (0,e9). Let ¢p° =
((pg - 1)/&(5) and ﬁl’ ﬁ S (0, 1] Then {(YE’(’DE,¢€1{|ws|§5/a(a)})}86(0750) 18 tlght m D([O,T] :
D_,) x Ba((Mk2(1))/2)) and any limit point (n,) solves (2.27).

Proof. In order to prove the tightness of {}75’905}66(0760) we will apply Theorem 2.5.2 of [48],
according to which it suffices to verify that:

(a) {supp<i<r Ve (D)l —qtee(0,c0) 18 @ tight family of R -valued random variables,

(b) for every ¢ € @, {Y=¥[¢]}.c(0.c) is tight in D([0,T] : R).

Note that (a) is immediate from Lemma 5.3(b). Consider now (b).
As in the proof for the finite-dimensional case (see the proof of Lemma 4.5), we write Y% =
Me¥" 4 AS¥° 4 B5¥° 4 EY + C*%°, where the processes on the right side are as defined in

(4.15). Fix ¢ € ®. Using Condition 2.11 parts (b) and (e), it follows as in the proof of Lemma
4.5 (see (4.16) and (4.17)) that

E

prW®M4HQE

0<s<T

sup |5f"p5(3)[¢]2] — 0, ase— 0. (5.22)
0<s<T

Next, by Taylor’s theorem and Condition 2.13(c) ,

G(X (5),9)[¢) = G(X (5),9)[6] = ale) Da(G(X (5), y) [B)Y ¥ (s) + R4 (y, 5)

where
|R=%"%(y, 1) < Lpa(¢,y)a’ (€)Y (1)1, (5.23)
Hence
B (1)[¢] = / Dy (G(X°(s),9)[]) Y2 (s)v(dy)ds + E5° 7 (t), (5.24)
Xx[0,t]
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where, from (5.23), Lemma 5.3(b) and Condition 2.13(c),

E| sup |£5¢79(t)]
0<t<T

< Ta(e)||Lpg (¢, ) |hE sup [[Y=¥2(t)||2, — 0 as e — 0. (5.25)
o<t<T

Similarly, using Condition 2.13(a)

t
A (1)[g] = | D (b(X°(s))[g]) V¥ (s)ds + &7 (1)
0

where

E [ sup |5§"p5 (t)|] —0ase—0. (5.26)
0<t<T

Combining (5.22)—(5.26), we have
Yoo (1)[g] = £5970(t) +/0 D(b(X(s))[]) V=" (¢)ds

+ / DL (G(XO(s), )87 (5) dvp + / G(X(s), ) [dly* dvr
X% [0,t] Xx[0,¢]

= E5970(t) + AP0 () + BYYOO(t) + CY(1) (5.27)
where E[SupogtST \gs’ws’qs(t)” — 0.

Next, from Condition 2.11(b) we have applying Lemma 4.3 with h = Mg as in the proof of
(4.24), that for all § > 0, t € [0,T — 6], € > 0,

O3 (14 8)[68) — O5 (4] < (1 -+ mr)| 6l (p(1)5" + 9 (1)a(e)),

where p and ¥ are as in Lemma 4.3 and mr is as in (2.22). Tightness of Ci"ps (1)[¢] in C([0,T] : R)
is now immediate.

For tightness of Bi’w (t)[¢] note that from Condition 2.13(c), for all 6 > 0, ¢t € [0,T — J],
e>0

B (¢ +8)l6] = B ([0l < /M 11 PG ) DD eIV 9 i

<|19llg Mpd sup [V (£)]|—q-
0<t<T

Tightness of BS? (t)[¢] in C([0,T] : R) now follows from Lemma 5.3(b). A similar estimate
using (2.23) shows that AS¥ (¢)[¢] is tight in C([0,T] : R) as well. Combining these tightness
properties we have from (5.27) that {Y=¥"(:)[¢]}es0 is tight in D([0,7] : R) for all ¢ € @
which proves part (b) of the tightness criterion stated at the beginning of the proof. Thus
{YE’(’DE(-)}ae(O,aO) is tight in D([O,T] : (I>—lh)' Tightness of {wgl{hpe\SB/a(E)}}EG(O,Eo) holds for the
same reason as in the proof of Lemma 4.9, i.e., because they take values in a compact set.
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Suppose now that (Y5 (-),9°1{ye|<g/a(c)}) converges along a subsequence in distribution
to (n,v). To prove the result it suffices to show that for all ¢ € & (2.28) is satisfied. From
Lemma 4.8, Condition 2.11(b) and the tightness of C7'* (¢)[¢] shown above it follows that

Va R 0 s Sdur | — 0 s -
(Y ’/Mo,} G(X7(s),y)lolyd ) <77’/Mo,} G(XO(s), y)[¢lwd )

in D([0,T] : ®_4, x R). The result now follows by using this convergence in (5.27). ®

6 Example

The following equation was introduced in [48] to model the spread of Poissonian point source
chemical agents in the d-dimensional bounded domain [0,{]¢. The time instants, sites and
magnitude of chemical injection into the domain are modeled using a Poisson random measure
on X x [0,7], where X = [0,]¢ x R, with a finite intensity measure. Formally the model can
be written as follows. Denote by 75(w), ¢ € N, the jump times of the Poisson process with
rate e v(X), where v is a finite measure on X, and let (k;, 4;) be an iid sequence of X-valued
random variables with common distribution vo(dy) = v(dy)/v(X). Let ¢ > 0 be a small fixed
parameter and let ¢; = [p4 15, (0)(%)dz, where for y € R, Bi(y) = {z € R?: |y — 2| < ¢}. Then
the model can be described by the following equation.

d . _
au(t, z) = DAu(t,x) =V - Vu(t,z) — au(t,z) + Z Aj(w)eg 1lB<(ni)($)1{t=n(w)}a (6.1)
i=1
where for a smooth function f on R%, Af = Zgzl % and Vf = (%,...,%)’, a € (0,00),

D >0,V € R and ¢ > 0 is a scaling parameter. The last term on the right side of (6.1)
says that at the time instant 7;, A; amount of contaminant is introduced which is distributed
uniformly over a ball of radius ¢ in R? centered at x;, where for simplicity we assume that ;
a.s. takes values in the (-interior of [0,1]¢ (see Condition 6.1).

The equation is considered with a Neumann boundary condition on the boundary of the
box. A precise formulation of equation (6.1) is given in terms of a SPDE driven by a Poisson
random measure of the form in (2.17). We now introduce a convenient CHNS to describe the

solution space. Let py(z) = 6*225210“”, x = (x1,...,2q), where ¢; = 2‘%, i=1,...,d. Let

H = L2([0,1]%, py(z)dx). Tt can be checked that the operator A = DA —V -V with Neumann
boundary condition on [0,] has eigenvalues and eigenfunctions

{_>‘j’ ¢.i }j=(j1,-~~7jd)€N61 ’

Where >\J = Zg:l )\‘SIZ)’ ¢J - HZ:I ¢§IZ)7 j = (j17 o )jd)a

i 2¢; i 2 i g ; ; B g
(())($) = \/57 ¢§>(m) = \/;e i gin <lx_|_aj> , al = tan 1 <_lcz>
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and

Note that {¢;} forms a complete orthonormal set in H. For h € H and n € Z, define

2 n
IRl =D (B dy) (1+Xy)°
jend
and let
d={pecH: ||, < o0,Vn e Z}.

Let ®,, be the completion of H with respect to the norm || - ||,,. In particular ®y = H. Then the
sequence {®, } has all the properties stated in Section 2.4 for ® = N,z P, to be a CHNS. Also,
for each n € Z, {[|¢;],,*¢;} is a complete orthonormal system in ®,,.

We will make the following assumption on v.

For some ¢ > O,/ e‘sazu(dy) <00, y = (z,a) € [0,1]% x R,. (6.2)
X

Here v is a joint distribution on the possible locations and amounts of pollutants. We now de-

scribe the precise formulation of equation (6.1). In fact we will consider a somewhat more general

equation that permits the magnitude of chemical injection to depend on the concentration profile

and also allows for nonlinear dependence on the field. Consider the equation

XE(t) :x0+/0 b(Xs(s))ds—i—a/XX[Ot] G(X%(s—),y)N® ' (dy,ds), t € [0,T],

where N ' is as in Section 2.1. The function b : & — &' is defined as follows: for v € & and
¢ € D, b(v)[@] = b1(v)[@] + bo(v)[¢], where by (v)[p] = v[Ad] — av[¢] and by : &' — D' is defined

by
V4

bo(v)[¢] = D Ki(w[ml, -, vlna)¢ile), v e &6 € @,

i=1

where K; : R™ — R and {n;}7,, {¢;}i_, are given elements in ®. Also, G : & x X — &' is as
follows. For v € @', y = (z,a) € X and ¢ €

Glo)id) = aGao)c; " | O(=)p0(2)dz,

Be(z)n[o,1]?
where G1 : @ — R is given by
G1(v) = Ko(v[ml, ..., v[ny)). v € @,

and Ky : R™ — R. Equation (6.1) corresponds to the case by = 0 and G; = 1. We will make
the following assumption on {K;}_.
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Condition 6.1 (a) For some Lg € (0,00)

max |K;(z) — K;i(2')| < Li|z — a'|, for all z,2" € R™.

i=0,...

(b) For each i =0,... ¢, K; is differentiable and for some Lpk € (0,00)

max, |\VK;(z) — VK;(2')| < Lpk|x — 2|, for all z,2' € R™.

(¢) vo{(z,a) : Be(x) C [0,1]%} = 1.

Suppose that zg € ®_,. We next verify that the functions b and G satisfy Conditions 2.11
and 2.13. Choose ¢ = p+1r and g1 = p + 2r where r > 0 is such that ZjeNg )\J~2(1 + X)) < oo
Then the embeddings ®_, C ®_, and ®_, C &_,, are Hilbert-Schmidst.

We first verify that b satisfies the required conditions. Clearly b is a continuous function
from ®_, to ®_,. Also, forve ®_,

b1(0)[124 = Y (0[A]] — awlgf)? = D~ (N + @)*(0[ef])* < exllvll?,,

jend jend

where ¢y = supjeNg{()\j + a)?(1 4 X;)"%} and the last inequality follows on noting that, for
n € Ly || gglln = (14 25)".

Also, using Condition 6.1(a) it is easily verified that for some C; € (0, 00)
||b0(v)||2_p < OC1(1+ |lv||—p)?, forallve d_,. (6.3)

Combining the above two estimates we see that b satisfies Condition 2.11(b). Next, using the
observation that a > 0 and A\; > 0 for all j, we see that 2b(¢)[0,¢] < 0 for all ¢ € ®. Also,
using (6.3) it is immediate that

2b0(¢)[0p9] < Chl|8]|-p(1 + [|¢]|-p), for all ¢ € D.

This shows that b satisfies Condition 2.11(c).
Once again using the nonnegativity of —A and « we see that
(u— ', by(u) — by (u'))_q <0, for all u,u’ € ®_,,.
Also, by the Lipschitz property of K; (Condition 6.1(a)) we see that
1bo(uw) — bo(u)||—g < Collu — u'||—q, for all u,u’ € &_,,.

Combining the two inequalities shows that b satisfies Condition 2.11(d).
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Next we verify that b satisfies Condition 2.13. Note that for ¢ € ® the map ®_, > v —
b1(v)[¢] € R is Fréchet differentiable and
D(b1(v)[@])[n] = n[Ag] — an[g], for all n € .

Thus Condition 2.13(a) holds trivially for b;. Also, from differentiability of K it follows that
bo(v)[¢] is Fréchet differentiable and for n € ®_,

¢
D(bo Z

=1

(jx] (i, - - vin)nln,1Cle).

MS

<.
I
—

Using the Lipschitz property of VK; (Condition 6.1(b)) it is now easy to check that by and
consequently b satisfies Condition 2.13(a) as well.

Next, for v € <I>_p and ne€ ®_,

DD DI = > Inl(A = )¢ = > (a+X)°(1+X) Zmle']1* < exllnll®,-
jend jend jend
(6.4)
Also using the linear growth of V K; (which follows from Condition 6.1(b)), there is a C3 € (0, 00)
such that

sup > [Do)leDl* < C3H77H2qz > IGleMP (6.5)

{ve@_p:[jv]|—p<mr} . jend i=1 jeNd

Combining (6.4) and (6.5) we get that for n € ®_, and ¢ € ¢

2

sup (Ao < | D 1o df Vel Al | < 2(ex + Ca)llolZ, a1,

{ve@_pifjv]|—-p<mr} jend

where Cy = Cj Zle ZjeNg |§i[¢3.11]\2. This shows that n — A,(n) is continuous and that b
satisfies (2.23).

Using the non-negativity of —A4 and « it follows that for allp € ®_,, Al(n) = D(b1(v)[])[n] €
®_,, satisfies

(1, Ay ()~ < 0.
Also, from linear growth of DK;, A%(n) = D(by(v )[ )n] € ®_,, satisfies, for some Cs € (0, 00)

sup (n, AJ(n))—q, < Cs|Inl|?,,, for alln € d_,.
(ved_p:llv]|—p<mr}

Combining the last two estimates, for all n;,7, € ®_,

sup (1 — M2y Au(my) — A’U(n2)>*q1 < sSup (m — 772,142(771 - 772)>,q1
{ve®_pillvll-p<mr} {ve@_p:|lvll-p<mr}

< Cslln; — 772H2—q1-
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This verifies (2.24).

Next noting for all w € ®_, and ¢ € ® that u[(A — a)(04¢)] < Cs||lul|—pl|¢]|—q and ¢[(A —
a)(040)] <0, we see that for all u € &_,,

sup 24,(¢ + u)[0q0] < 2Cs]|u]|—pll¢]|—q-

{ve®_piflv)-p<mr}
Also, using the linear growth of VK; we see that, for some C7 € (0, c0)

sup 2A40(¢ + w)[0g0] < Cr([|gll—g + lull—p) @]l g, for all u € D, 6 € @.

{ve@_pillv[|-p<mr}

From the last two inequalities we have (2.25).

Conditions for G are verified in a similar fashion. In particular note that for ¢ € ®g and
z € R? such that Be(z) C [0,1]¢

ac! [ 16@Inn(z)dz < aCilo]o
B¢ (z)

where Cg = cgl/ 2 SUpcpo,j¢ Po(2)- From this it is immediate that for some Cy < oo, G satisfies
Condition 2.11 with Mg(y) = Lg(y) = aCy, y = (z,a) € X. Note that in view of (6.2) Mg, Lg
satisfy part (d) of Condition 2.13. Remaining parts of this condition are verified similarly and
we omit the details.
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